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Abstract—Puzzle-based storage (PBS) systems are intended to
increase storage density using optimally available storage space.
Having dynamic puzzle-based storage systems requires finding
and validating tools to support the optimal operation of such
systems. The problem is that as the parameters of PBS change,
the optimal way for operating that new setup may need to
be recalculated. The changing parameters can be related to
the change of the physical layout of the PBS (e.g., dimensions,
number of carriers) or mode (e.g., the number of nodes that
can be simultaneously moved, amount of orders simultaneously
processed). Each parameter may require reevaluation for optimal
approaches to control changed PBS. This article proposes using
a modular Petri Nets-based formalism to analyze PBS setup for
finding optimal control approaches. We architect an adaptive
PBS system that dynamically adjusts to changing configuration
and/or control parameters.

I. INTRODUCTION

Due to the rapid growth of the e-commerce industry, ware-
houses confront new challenges. Companies must manage
enormous and varying daily order volumes while storing
millions of unique items. Distribution centers have greater
requirement of implementing robotized material handling to
fulfill the demand.A flexible, automated, and optimized system
with increased throughput and higher productivity is needed
to handle the rising inventory turnover rates, shorter storage
periods, and many orders in small quantities with faster deliv-
eries. Warehouse Automation has advanced rapidly during the
last decade with the acceleration of autonomous vehicle-based
storage and retrieval and shuttle-based storage and retrieval
systems.

Robotized storage systems are especially suited for e-
commerce operations as they can function in a small space and
are flexible enough to meet changing demand. When there is a
strong demand for warehouse space, building up a warehouse
design using the area designated for traditional aisles is not
practical. In these situations, “puzzle-based” solutions provide
a possible warehousing option. Moving desired things to an
input/output site at escort places, unit loads in puzzle-based
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systems (PBS) can be continually moved in one of four
directions.

PBS was not considered able to fulfill the demanding deliv-
ery deadlines in an e-commerce context. It is contended that
system’s mobility is not adequate to meet the expectations of a
retrieval systems due to low throughput. Therefore, PBS sys-
tems with movable storage racks that can move autonomously
have been investigated in this study. This will lessen the
restrictions placed on movement in the PBS system. Loads
might theoretically move in any direction with autonomous
wheels. According to the latest studies on PBS, diagonal cross
aisles in conventional aisle-based warehouses can shorten
travel distances. To reduce travel distance, we tried to build
a configuration that would allow loads to move diagonally
within a PBS system. Further, studies on operational planning
in PBS systems suggest that retrieval time can be shortened by
loosening restrictions imposed by the initial configuration. It is
possible to establish virtual aisles with more escorts, allowing
specified loads to flow without interruption.

The main aim of this paper is to model puzzle-based systems
using Petri Nets. A graphical and mathematical modeling tool
called a Petri Net describes and evaluates systems with concur-
rent processes and interactions. They can be used to describe
and examine a system’s numerous components. Modeling PBS
systems using petri nets can be highly beneficial for several
reasons. The structure and behavior of the puzzle-based system
can be represented visually using Petri Nets. When it comes
to complicated, automated systems, in particular, this visual
paradigm makes it simpler to comprehend and convey how
the system works.

The paper is organized as follows. The next section goes
into a literature review on puzzle-based systems and the
modeling of those with Petri Nets (PN). The section ends
with the highlighted contributions of the paper. The third
section presents the approach we used to model PBS. The
modeling and analysis based on the presented approach comes




ISSN 2305-7254

in section four. Discussion and lessons learned come in section
five. Finally, there are conclusions and future research and
development work.

II. LITERATURE REVIEW
A. Puzzle-based storage systems

Today, the need for more storage space or a compact storage
policy is driven by fast deliveries and short storage periods of
goods. Since it is not economical to expand warehouse space
with the space scarcity challenge, using compact storage policy
would be an ideal solution. Under that, a puzzle-based system
is a more practical way to enhance the storage density.

The PBS helps to use storage space more efficiently by, for
example, removing the aisles [1]. PBS systems was initially
introduced by [1]. The basic structure is similar to the 15
puzzle game as in Fig. 1. This increases overall storage density
which is important for being able to handle more products in
such a system. The article [1] analyses single-escort and multi-
escort setups of PBS, where escort refers to an open location.
Expected retrieval times for such situations are calculated
depending on the capacity of the PBS.

In [2], different storage strategies were analysed and com-
pared with respect to retrieval times and the number of escorts.
The examination of a novel management strategy for puzzle-
based storage systems based on AGVs and AMRs rather than
self-propelled shelves is suggested in previous studies [4].
Density and retrieval time have been examined as key design
variables in this study for PBS systems.

Even though various objectives and configurations have
been investigated in previous studies, the common goal is
to improve the retrieval performance while maintaining high
density. In [5], methods to determine the optimal retrievals are
developed for the cases where multiple escorts are randomly
placed within a high-density PBS system.

Improvements to the state of the art are made in [6], focus-
ing on optimal algorithms to retrieve goods using the minimum
number of moves when escorts are arbitrarily positioned
in the system. As a result of energy efficiency, warehouse
operations become more sustainable and simultaneously lower
operational expenses.

Among many other complex scheduling issues that have
been studied, minimizing of the total number of moves when
retrieving a single item with several escorts is a crucial
component of the PBS system’s operation. Therefore, [8]
further addressed that issue proposing heuristics with differ-
ent computational complexity setting which can improve the
accuracy while maintaining stronger robustness.

According to PBS research, complexity rises as the number
of escorts rises. Furthermore, simultaneous movements and
block movements add more complexity since the possibility
of conflicting moves can be introduced when loosening the
movement constraints. However, retrieval of multiple loads
simultaneously will increase the throughput capacity. [7] has
already proposed algorithms that enable multiple load retrieval
considering how and in which sequence loads should be
retrieved to reduce overall travel time.
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In the work done by [9], a multi-item retrieval problem in
the PBS system with general settings, where numerous sought
items, escorts, and I/O locations are randomly distributed has
been solved using deep reinforcement learning algorithm. The
developed framework can be used to deal with simultaneous
movements and large-scale instances which expands the ap-
plicability of PBS systems.

Increasing the knowledge related to PBS system, a new
paradigm of work was carried out by [10] where loads are
moved by a limited number of autonomous mobile robots
(AMRs). Being able to shift all AMRs simultaneously with
or without loads makes these PBS-AMR systems challenging
to study. The suggested model through their work is capable
of handling both single-load and block motions, several I/O
points, and different restrictions on concurrent vehicle move-
ments.

Overall, looking at the research described so far, one can
see a constant pursuit of better control for complexity in PBS.
That starts from simpler setups with single versus multiple
escorts up to synchronized moves for the blocks of escorts
in PBS. In order to further develop better control solutions
for PBS, different modeling and analysis approaches have to
be considered. Thus, the next subsection is dedicated to a
family of formalisms used to represent and analyse concurrent
systems — Petri Nets, which look like a promising paradigm
to study PBS.

Fig. 1. PBS system example [1]

B. Modelling of concurrent systems with Petri Nets

The puzzle-based storage systems present concurrent fea-
tures with interactivity-based processes. In order to fully
understand the capabilities and complexity of these kinds of
multi-agent systems, a formal analysis of system properties is
required. In addition to simulation, analytical procedures are
required for the development of modeling and verifying formal
system attributes. Therefore, Petri Nets are a suitable modeling
tool due to their extensive range of application areas.

Petri Net modeling has several benefits. Petri Nets offer a
graphical representation that makes it simple to visualize a
complex system. State space analysis for the purpose of
structural property discovery is made possible by Petri Nets. It
is possible to model corresponding systems at different levels
of abstraction or in depth. Timed Petri nets can be used to
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analyze the system’s performance. Moreover, it can be used
to develop, model, and analyze complex software systems
with minimal time and effort. The book by [11] provides a
comprehensive overview of practical applications of Petri Nets
which presents the fundamentals of discrete, continuous, and
hybrid net formalism in an integrated manner.

Due to the enormous state space, model checking of Petri
nets is difficult. Also, Petri Nets are difficult to be used for
real-time applications due to the slowness in simulation. Thus,
as mentioned by [12] Petri Nets can be performed in a modular
way to overcome these issues. In modular Petri Nets, modules
are designed, developed, and operated independently of each
other.

In [13], an overview of the historical evolution of Petri Nets
(PNs) from the standpoint of systems theory and automatic
control is provided. It demonstrates how Petri nets have
been applied to tackle a variety of traditional issues with
control systems, such as analysis, control, diagnostics, state
estimation, and observability.

Intelligent production control systems based on agents can
quickly react to and adjust to environmental changes. Learn-
ing techniques that boost agent intelligence can be used to
solve manufacturing system adaptation and evolution. The
study by [14] presented a factory scheduling system based
on Reinforcement Learning (RL) and Colored Timed Petri
Nets (CTPNs). CTPNs implement the scheduling and model
the manufacturing system. A scheduling agent employs RL,
specifically the Q-learning algorithm, to find the best solution.
They have demonstrated the technique by providing a case
study of order-picking scheduling in a warehouse.

The previous literature shows applicability in PN when
analysing the intricate interactions arising in various logistics
system components. This kind of investigation was performed
by [15] using PNs as a discrete event modeling and simulation
framework to serve the functional requirements of warehouse
systems, highlighting both their advantages and disadvantages.
They have claimed that PNs have been shown to be adequate
to describe the main features of logistic processes in which
both labor and equipment are engaged.

Petri Nets have been introduced as a technique that can be
used in warehouse research. Even though it is not a widely
used methodology in the warehouse context, [18] claimed
that using PNs to model and analyse the system and improve
control strategies will offer fresh, innovative investigation into
stochastic approaches used in warehouse research.

The usage of Colored Timed Petri Nets (CTPN) as a tool for
automated warehouse modeling has proven to be successful.
To concisely and effectively represent the dynamics of an
AS/RS (automated storage and retrieval system) supplied by
rail-guided vehicles, a CTPN model was presented in [16].
Based on the analysis of the behaviors of the active resources
in the system, a modular and computerized model is presented
using a colored timed Petri Net approach. To simplify the
model and characterize the control flow of the resources,
places are multicolored and token colors are defined as the
routes of storage/retrieval operations.
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Another hierarchical framework for AS/RS operation mod-
eling presented in [17] is based on Petri Nets. System simula-
tions are frequently used to choose the optimum control rules
for an AS/RS operation. By extending the PN model to the
colored-timed PN model, the analysis and evaluation of the
performance of an AS/RS will be accomplished successfully.
The system status can occasionally change for an AS/RS. As
a result, the PN structure needs to have temporal capabilities
to simulate the dynamic features of AS/RS’s.

When considering compact storage systems such as puzzle-
based-storage systems, [19] illustrated a simple PBS system
with Petri Net diagram. Also, [20] has used a Petri Net model
to investigate the structural properties of a PBS system. He
applied the model to validate deadlock conditions in a semi-
automated grid pick system.

In the literature, Petri Nets have been used to simulate both
decentralized control models and material handling systems,
although decentralized control models for material handling
systems and puzzle based storage systems have not been well
addressed.

C. Contributions of the Study

Based on the literature, it is seen that an analysis of PBS
systems using Petri Nets is at a beginner level. Through this
study, we explain the significance of replicating the PBS
system through a PN model.

We explain how Petri Nets are useful for describing the
concurrency of a system because these help to depict how
various system components interact and synchronize based on
a given system setup.

The state space of the puzzle-based system can be examined
with the use of Petri Nets. To check certain features, includ-
ing reachability, deadlock-freeness, and liveness, which are
essential for assuring the system’s proper operation. Through
this study, we have experimented with different combinations
of states and transitions to derive a proof-of-concept for
PN application on PBS. PN-based modeling enables formal
verification methods. Further, we have mathematically proven
some specific system properties and how the model gets
complicated with the added characteristics.

III. APPROACH

In this work, we use Timed Net Condition/Event systems
(TNCES) for representing and analyzing the PBS. TNCES is
a modular formalism that allows the application of separation
of concerns when modeling the PBS. A formalism for the
composition of input-output PNs to novel systems is indicated
by TNCES. This was first presented by Rausch and Hanisch in
[21]. This turned out to be an effective method of representing
discrete control systems with discrete states. While modeling
modular systems, Conditions/Event systems help to study their
generic properties [24].

The classical examples of PBS with Petri Nets can be
modeled with Timed Net Condition/Event systems (TNCES)
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and analyzed using the MOVIDA tools framework!. TNCES
is a modular typed formalism that was inspired by Petri Nets.
TNCES consists of transitional places, transitions, and flow
arcs. The number of locations is limited and not infinite. The
number of transitions is also limited and not zero. An arc
connects a place to a transition or a transition to a place and
it is directed. It is a modular typed formalism, where a module
can be created and reused. An example of the TNCES module
can be seen in Fig. 1. According to the definitions provided
by [22], TNCES is a place-transition net that is formally
represented by a tuple;

PN = (P,T,F,M,EI,EO,CI,CO,EA,CA). (1)

The places, pl and p2, which are elements of P, represent
the status of the modeled phenomenon (e.g. a switch). The
labels next to the places may reflect semantics within the
context of a problem domain - a switch can be either ON
or OFF. Transitions tl and t2 — the elements of 7, represent
the possibility of change of the PN marking or the state. Firing
transition t2 leads to the switch changing its state from ON to
OFF. The firing of tl represents a switch going into the ON
state. As can be seen in Fig. 2, the places and transitions
are joined by flow arcs, F. The flow arcs can have time
intervals assigned of the form [a, D], where a - is a lower
bound for enabling corresponding post-transition and b is the
upper bound for firing the transition. If the time of firing is not
reached (a) or expired (b), the transition becomes disabled.

The places have initial marking M=(0,1), meaning that the
first place has no tokens or marks and the second place,
p2, has a token. A TCNES module can have event and
condition inputs outputs defined, correspondingly El, EO, CI,
and CO. These allow the passing of information about firing
a transition — event arcs EA going from a transition via event
output(s) of one module to the event input(s) of another and
then to the targeted transition. The information about the
marking of a place can be passed between modules with
the condition arcs, CA, interconnecting a place via module
condition output(s) to condition input(s) of another module and
then to its transitions. Thus, events propagate from transition
to transition, and conditions propagate from place to transition.

When considering an application of PN-based modelling to
the PBS system, 1 location is depicted by two places mark
which indicates the busy or free status of the location. The
evolution of the marking is a representation of the dynamics
of a system as described by a PN. A transition represents an
operation of a loading between two locations. It also represents
the loading direction. As loading of one location means
unloading another location, the same (one) transition will
represent loading of one location and unloading of another.
As the movement of a load is possible in two directions,twice
amount of transitions can be applied. Each transition should
have two pre-places and two post-places.

IMOVIDA Tools Framework: http://www.lobov.biz/academia/index.html#
tools
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Fig. 2. TNCES module example [23]

Using the TNCES, one can model a single location in the
PBS. The storage location has to represent its status (<empty,
occupied>, or <free, busy>) and, if busy, being able to move
the stored item(s) either to left, right, up, down (or diagonal)
to neighboring locations.

IV. MODELLING AND ANALYSIS OF PBS WITH PN
A. 2-by-2 PBS example

For the illustration of the approach, as the initial step, we
created a PNS model for a 2-by-2 PBS system. The total
number of locations in this system is 4 with 1 escort, as
illustrated in Fig. 3. The first grid location is considered as
the 1/O location. As a result of escort movement, a desired
load can reach the I/O location.

Fig. 3. 2x2 PBS system with 1 escort

The developed TNCES module is illustrated in Fig. 4. In a
2-by-2 PBS system, each load in every location can move in
2 directions. Therefore, the number of transitions should be 8.
The marking (the token inside places) specifies the status of the
PN or, to be more precise, the state of the system described by
PN. Thus, while the marking evolves, the state also does, and
the marking’s evolution results from transitions being fired. A
transition can only be fired if a token is presented in each of
its pre-places. Then, it is said that the transition is fireable
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or enabled. It is most likely a design issue with the system
described when some transitions are no longer fireable and
when certain parts of the PN no longer “function.”. This can
be recognized as a deadlock or sink state. Therefore, for an
initial marking, PN is considered to be deadlock-free.

In this study, reachability graphs were created to analyze
the behavior and properties of PNs. It is also known as the
state transition graph as it can graphically represent all the
reachable states (State space). When there is only one free
place (escort), it can generate 4 states. (statel: locations 1 is
free, state2: location 2 is free, state3: locations 3 is free, state4:
Location 4 is free).The generated state space in Fig. 5 show
4 states for 2x2 PBS. There are 8 paths in total.

B. 3-by-3 PBS example

When considering the 3-by-3 PBS system, there are 9
locations as in Fig. 6. The top left corner and top right corner
loads can move in two directions while the top middle load
can move in three directions. The very middle load can move
in four directions. Likewise, the total number of transitions can
be identified as 24. The TNCES model with all the locations
and transitions is depicted in Fig. 7.

The generated state space in Fig. 8 shows 9 states for 3-
by-3 PBS. Through the diagram, we can identify what are the
states pertaining to corner places which can move only for
2 directions. State 3, 4, 8 and 9 are the states where corner
locations are free. State 2 represents the state in which the
middle location is free as it can be loaded from any of the
4 directions. The system’s potential states are depicted on the
graph, along with the transitions that can be fired to change
between them.

The number of states for each scenario can be mathemati-
cally derived from the combinatorial formula:

n n!
'nGr:(r >:T'(n’l”)' (2)

In (2), n is a number of locations and r is a number of
escorts. Thus, we have got 4 states for the 2-by-2 instance
(n =4, r =1) and 9 states for the 3-by-3 instance (n = 9,
r=1).

V. DISCUSSION AND LESSONS LEARNED

PNs assist in formal verification to validate system charac-
teristics and ensure accuracy. It can help to spot any mistakes
or inconsistencies in the system design by being used to check
features including reachability, boundedness, and liveness.
However, real-world physical system modeling and analysis is
a challenging topic, particularly for compact complex systems
like PBS. It is not required to manually draw and understand
all the interactions and components of a PBS system since it
can be replicated through a PN model. However, still there
are limitations of the PN modelling. For simple models (2-by-
2 PBS, as in Figure 3, and 3x3 PBS with one free location,
as shown in Figure 6) which we illustrated in this paper, PN
models can be developed to provide a better understanding.
Increasing the number of free places (escorts) for the same
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PBS system will generate significantly complex reachability
graphs. For a 3x3 PBS with more than 1 free location, 84
states were generated as can be seen in Fig. 9. For the given
case there are 3 escorts or free locations. Thus, by equation
(2) the result match as

9 9!

As the size and complexity of the system increase, the
PN model can also become complicated and challenging to
manage. Petri Nets’ graphical representation can get crowded
and difficult to understand, especially in complex systems with
many of components and interactions. Therefore, there is a
need for more tools that would help analysis, and navigation
of state spaces, and also to check whether there are any
deadlocks. When considering retrieval of goods using PBS
system, time is a significant performance matrix. Instead of
explicitly describing time, traditional Petri Nets concentrate
on modeling the occurrence of events and transitions. This
can be another drawback if the modeled system depends
on accurate time and temporal correlations between events.
Despite these drawbacks, Petri Nets remain valuable for mod-
eling PBs systems. However, there is a need for advanced
modeling tools that integrate with simulation and automation.
Inventory management software in a warehouse is frequently
connected with puzzle-based storage systems. As a result, it
is possible to track and monitor inventory levels in real time
and to integrate with other warehouse management systems
seamlessly. Automatic recording and updating of each storage
movement ensures accurate and current inventory location
data. The PN model can be further developed to accurately
represent the system’s real-time behavior.

VI. CONCLUSIONS AND FUTURE WORK

In comparison to conventional shelving or racking sys-
tems, the PBS system maximizes the use of the warehouse’s
available storage space and permits higher storage density.
Since PBS is designed to retrieve items efficiently in compact
configurations, Petri Nets model can be used to identify the
system behaviour more accurately. Concurrent processes and
interactions can be visually represented and analyzed by PN
model. It can demonstrate the different states that the system
might be in, how it changes states depending on the occurrence
of events or the availability of resources, and overall activities
in the system. Therefore this study will highlight the impor-
tance of modeling and analysing the behavior of concurrent
systems and making them applicable in different domains
such as logistics and manufacturing. Further, through this
study, principles behind locations and modeling of locations
were identified and validated. This can be easily extended by
implementing tools that could automatically generate those
models.

In future work, an automated generation of the PNs of
arbitrary PBS size and movement possibilities between the
locations will be implemented. Thus allowing fast analysis of
PBS systems. For both models we explained in this study,
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Fig. 4. TNCES module for 2x2 PBS system

Fig. 5. State space for 2x2 PBS system with 1 escort

we considered rectilinear movements. However, it can be
further developed for the PN models which represent diagonal
movements of the loads. Considering diagonal movement in
PBS system will enhance the system’s performance as it
enables the load to reach to input/output point more easily.
Therefore, Petri Nets can be integrated to model PBS with
diagonal movement and evolve it as a promising research area.
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Fig. 9. State space for 3-by-3 PBS with more free locations, i.e., three free locations. See calculations in the expression (3).
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